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Abstract. Previous work on concept graphs combining Formal Concept 
Analysis with Conceptual Graphs is revisited in this paper in the con- 
text of conjunctive database queries. The paper presents the conjunctive 
database query model as a special case of Ganter and Kuznetsov’s pat- 
tern structures, where patterns are considered as conjunctive queries. It 
further presents kernel operators to reduce the complexity of the compu- 
tation and to simplify the description of concepts. Alternative formalisms 
based on intensional graphs and power context families are introduced 
to advance knowledge interoperability between Formal Concept Anal- 
ysis, database theory, model theory, logic, concept graphs and Sowa’s 
Conceptual Graphs. 
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1 Introduction 


Consistent with the terminology and understanding of philosophers and lin- 
guists [30, 13, 29], a concept has an extension and an intension. In this under- 
standing of a concept, we say that ‘extension’ refers to the things belonging to 
a concept, whereas ‘intension’ refers to the intended meaning of a concept. 

Formal Concept Analysis (FCA) [16] provides a mathematical formalization 
of concepts which represent the extension by a set of formal objects (the extent) 
and the intension by a set of formal attributes (the intent). Formal Concept 
Analysis as a framework for analyzing and exploring data was developed at the 
Technical University in Darmstadt in the 1980’s [16] and has been used in a 
variety of applications such as medicine, psychology, social sciences, linguistics, 
information sciences, machine and civil engineering (see Groh et. al [19] for a 
survey of applications). 

Baader and Molitor [5] established a variant of Formal Concept Analysis 
(FCA) where concept intents are expressed in a formal language, namely a de- 
scription logic [3]. Their approach positions FCA closer to natural language, 
because it introduces an explicit treatment of syntactic structure and the ability 
to capture, not only properties of objects, but also relations between them. A 


wide variety of description logics exist, these differ by language features and ex- 
pressiveness. One relatively simple but natural description logic is the existential 
language EL, where concept descriptions are built from atomic concepts using 
the operators top-concept (T), conjunction (M) and existential restriction (3). 





Concept descriptions in E£ have structural representations as rooted trees, 
their entailment is described by homomorphisms [4]. As noted by Baader et al. [4, 
p. 98], such concept descriptions form a special case of conjunctive queries, which 
are more generally described by graphs. Conjunctive queries, their structural 
representation, and the characterization of their entailment by homomorphisms, 
are due to Chandra and Merlin [7]. A variant of Formal Concept Analysis where 
concept intents are conjunctive queries (or infinite generalizations of these) is 
presented by Kotters [21], the formalizations draw on Chandra and Merlin’s 
work [7]. Conjunctive queries are represented by windowed structures, tableau 
queries [1, p. 43f.] drawn as labeled graphs. 

Compared to concept descriptions in E£, which are represented by rooted 
trees, general conjunctive queries are based on classical logic, can express cycles 
in the data and can describe, not only sets (i.e. unary relations), but also binary 
and higher-arity relations. As a consequence of the latter, concept extents in 
K6tters’ work [21] are relations (tables in a relational database), rather than 
sets of formal objects. In this way, a theoretical basis for combining Formal 
Concept Analysis with relational database theory is established. We recreate 
these results in Sections 4 and 5, after presenting and elaborating on database 
theoretic fundamentals in Section 3. 

Pattern structures by Ganter and Kuznetsov [15] provide a theoretical un- 
derpinning for concepts with non-standard intents, such as numeric intervals, 
sequences, or the aforementioned concept descriptions in a description logic. 
Ganter and Kuznetsov present their formalism with an example using molec- 
ular graphs as concept intents; these are labeled graphs, used to represent the 
structure of chemical compounds. They write [15, p. 129]: 


“Molecular graphs are only one example where such an approach is natu- 
ral. Another, perhaps even more promising domain is that of Conceptual 
Graphs (CG's) in the sense of Sowa [83] and hence, of logical formulas.” 


Indeed, Sowa [33] states a translation of conceptual graphs to primitive positive 
formulas [33, p. 86], namely formulas built from atoms using only conjunction 
(A) and existential quantification (4). This means that conceptual graphs (in 
their basic form) correspond to conjunctive queries. However, the conceptual 
model of Section 5 does not fully translate to pattern structures, in particular 
because concept extents are tables, whereas pattern structures require concept 
extents to be sets. 

In this paper a meaningful set representation of extents (originally mentioned 
briefly in previous work [25, p. 55]) is presented and we formulate the approach 
for pattern structures in Section 6.1. Also in their introductory paper, Ganter and 
Kuznetsov [15] covered kernel operations (or projections) for the simplification 
of concept intents, and mentioned adaptations of Ganter’s “Next Concept” [14] 





algorithm to compute concepts. We apply this to our own work in Sections 6.2 
and 6.3, respectively. 

Wille connected the disciplines of Formal Concept Analysis and Conceptual 
Graphs with his seminal paper [36] on formalizing traditional philosophical logic 
following C.S. Peirce [30]. While some subsequent work reflects an understanding 
of conceptual graphs as conjunctive queries by Groh and Eklund [18], a summary 
of later developments by Wille himself [38, Section 6.5] does not reflect this 
understanding. The reason for this is that concept graphs, which are Wille’s 
mathematization of conceptual graphs, fuse both data and description (thus 
combining the extensional and intensional perspectives), namely concept graphs 
are not separate from their extensional data. The preliminary notion of abstract 
concept graph [36, p. 300] still maintains a separation from data but has not 
received much attention in subsequent work. In Section 7, we present conjunctive 
queries as a type of abstract concept graphs (called intension graphs), and re- 
examine Wille’s work in light of the preceding results. 

Conjunctive queries, as a normalised representation for concept graphs, con- 
nect Formal Concept Analysis (FCA) to relational database theory and provide 
a mechanism through which FCA can scale using established relational database 
tools enabling their use as a knowledge representation for applications involv- 
ing big data. Further, conjunctive queries are a more suitable input format for 
automated theorem provers [28]. 


2 Preliminaries 


In order to make the connections between database theory and Formal Concept 
Analysis explicit, it is important to introduce the reader the terminology of 
logic and database theory. We therefore present some basic definitions used in 
relational algebra as follows. 

A relational signature is a set M of relation symbols, each with an associated 
arity n > 1. We denote by Mn the subset of M that contains all symbols of arity 
n. An atom over M is a formula Rz1...£n or zı = z2, where n > 1, RE Mn, 
and 21,%9,...,2p are taken from a countably infinite set var of variables. An 
M-formula is a first-order formula built from atoms over M. The set of free 
variables occurring in a formula y is denoted free(y). 

A relational structure over M (or M-structure) is a pair X := (A, (Rm)mem) 
consisting of a carrier set A and an n-ary relation Rm C A” for each m € Mp 
and n > 1. We set || := A, and m™ := Rm for m € M. We say that 2 is 
finite if both |A| and {m € M | m™ + Ø} are finite. The empty M -structure is 
the unique M-structure Om with |O,;| = Ø. A homomorphism f : A —> B of 
M-structures is a function f : |A| > |B| such that (f(a1),...,f(an)) E€ m? for 
all (a1,...,4n) € m™, m € Mn andn > 1. 

A variable assignment in an M-structure A is a function p : var > |A|. We 
call the pair (A, u) an M-interpretation (cf. [10]). Given an M-formula y, we say 
that (A, u) satisfies p, written (A, u) = y, if y holds in A under the assignment 
u (for details see [10]). A formula is called satisfiable if it is satisfied by some 


interpretation. Given M-formulas y and w, we say that y logically implies w, 
written y = y, if every M-interpretation that satisfies y also satisfies w. The 
formulas y and w are called logically equivalent if y = w and 4 E ọ. 

A partial function f : X — Y is a function f : D — Y defined on a subset 
DCX. Its domain of definition is thus def(f) := D, and its range is rng(f) := 
{f(a) | a € D}. For U C X, the restriction f|v is the partial function with 
def(flu) = def(f) NU and f\y(a) = f(a) for a € def(f|u). Given f: X — Y 
and g : X — Y, we write f < g to indicate that f = glacr(f)- 

Some results in this paper require dealing with proper classes and infinite car- 
dinals, the necessary background can be found in the textbook of Ebbinghaus [9]. 
In particular, brackets as in [x | P(a)] are used to denote classes. Otherwise, we 
use the same terminology for classes (e.g. functions, relations ...) that is also 
used for sets. 





2.1 Formal Concept Analysis 


In the early 1980s, Rudolf Wille presented a mathematization of the traditional 
philosophical understanding of concepts [34]. This was the foundation of a new 
research discipline, Formal Concept Analysis (FCA) [16]. The main character- 
istics of this approach are the formalization of extension and intension (which 
gives concepts a structure), and the origination of concepts from a context. In 
standard FCA, a context is a triple (G,M,J), more specifically called a for- 
mal context, which consists of a set G of objects, a set M of attributes, and an 
incidence relation I C G x M. A formal context is typically represented by a 
cross table, such as the one in Fig. 1. The row and column headers represent the 
objects and attributes, respectively, and a cross indicates that an object has an 
attribute (these are the object-attribute pairs in J). 
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Anne x x O & 
Bob x x Bob x Anne 
Chris|| x 
Dora x 
Fig. 1. Formal context. Fig. 2. Concept lattice. 


Two operations are defined on a formal context, given by 


B' := {g E€ G| (g, m) € I for all m € B}, (1) 
A := {mE M | (g,m) € I for all g € A} (2) 


for all B C M and A C G. The set B’ contains the objects which have all 
attributes in B, and A’ contains the attributes shared by the objects in A. An 
early application of FCA describes document retrieval by keywords [17]. In this 
case, B in (1) is considered a query (a set of keywords), and B’ is the result 
set (a set of documents). The operations (1) and (2) form a Galois connection 
(cf. [16] or Section 5). For one-element sets {x}, it is usual to write x’ instead of 
{x} in (1) and (2). 

A concept of the context (G,M,I) is a pair (A,B) with AC G, BC M, 
A’ = B and B’ = A. We say that A is the extent, and B is the intent, of the 
concept (A, B). Seven concepts originate from the example context in Fig. 1, 
and these are shown in Fig. 2, arranged in a Hasse diagram by the order on 
their extents (or alternatively, the dual order on their intents). We can name 
the first six concepts, in reading order, male, person, female, father, parent and 
mother; the labels below and above each concept in Fig. 2 represent its extent 
and intent, respectively. The ordered set of concepts is denoted by B(IK), where 
K = (G, M, I) denotes the context. For further information on standard FCA, 
the reader is referred to [16]. 


2.2 Pattern structures 


Pattern structures, introduced by Ganter and Kuznetsov [15], provide a foun- 
dation for concepts with intents other than sets of attributes [16]. Intents are 
taken from a meet-semilattice (D,M), and are compared by the order c Ed: 
c = cd, which is the unique order on D with infimum M. An element of D is 
called a pattern, and c E d means that the pattern c is more generic than (or 
equal to) the pattern d. 

Formally, a pattern structure is a triple (E,(D,M),6) consisting of a set Æ 
of objects, a meet-semilattice (D,M) of patterns and a function ô : E > D 
describing each object by a pattern, where the infimum [] < 4 6(e) must exist for 
all subsets A C E. The Galois connection in [15] is stated as 





























dH := {e € E | dE d(e)}, (3) 
A5 := | | 6(e) (4) 
ecA 


for d € D and A C E. We may write the infimum in (4) as []6(A), where 
6(A) := {d(e) | e € A}. A concept of (E, (D,n), ô) is a pair (A, d) with d= = A 
and A= = d. The concepts obtained from a pattern structure are called pattern 
concepts. They are ordered by their extents (or dually by their intents) and form 
a complete lattice. We only state their infimum in Prop. 1, which will be used 
later. For further information on pattern structures, the reader is referred to [15]. 


























Proposition 1. Let S := (E,(D,M),6) be a pattern structure, and (Ai, d;)ier a 
family of concepts of S. Their infimum is the concept (Mier Ais) 15(Njer Ai))- 


Proof. For brevity, we set S := (liez Ai. We have to show that ($,[]6(S)) is a 
concept; the infimum property is then clear from the order on extents. By (4), 


























S= =[]6(S). By (4), the other condition ([]6(S))- = S means that 
[J8 6(S )eees (5) 


for all e € E, cf. (4). We assume []6(S) < 6(e). Then for all i € I, we have 
di = Ap = MoA i) <[]6(S) < 6(e), and thus e € dp = A; which shows e € S. 
The other direction in (5) is immediate. 






































3 Conjunctive Queries: Basic Theorems 


As Abiteboul et al. state [1, p. 8], conjunctive queries “form the core of the 
select-from-where clause of the standard language in database systems, SQL, 
and are perhaps the most important class of [database] queries from a practical 
standpoint’. In the form of SQL queries, conjunctive queries are thus commonly 
encountered in practice, but they come in a variety of other forms as well (cf. [1, 
Chpt. 4]). In their seminal paper [7], Chandra and Merlin introduce conjunctive 
queries essentially as certain logical formulas, and then represent them by rela- 
tional structures (which correspond to tableau queries, as defined in Abiteboul 
et al. [1]), to prove what became two fundamental results of database theory: 
the homomorphism theorem and query minimization. 

In this section, we reproduce the results of Chandra and Merlin [7] in the 
context of our work. Some variations of conjunctive queries are considered in the 
literature; in Section 3.1, we set the basic definitions that apply to this paper, 
and show how conjunctive queries can be drawn as graphs. Tableau queries, and 
their equivalence to logic-based conjunctive queries, are covered in Section 3.2. 
Section 3.3 introduces windowed structures and their homomorphisms [21] as in- 
finite generalizations of tableau queries. The homomorphism theorem is usually 
formulated for tableau queries in the same free variables; it then says that homo- 
morphisms express logical implication (in the opposite direction). In Section 3.4, 
we formulate the homomorphism theorem for arbitrary tableau queries, resort- 
ing to a variant of logical implication that deals with undefined variables. This 
answers, by extension, the question of what windowed structure homomorphisms 
mean. In Section 3.5, we introduce an order on tables in which the well-known 
natural join is the infimum operation. We state a set representation of tables, 
which reveals what comparison in the table order means. In Section 3.6, we re- 
state the homomorphism theorem analogue to the version in Abiteboul et al. [1, 
p. 115], characterizing homomorphisms in terms of the table order. Query min- 
imization, covered in Section 3.7, is useful to simplify queries in drawings and 
practical computations, but is not fundamental to the subsequent theory. We 
state the well-known result for tableau queries. 


3.1 Queries, Data and Results 


Conjunctive queries are introduced by Chandra and Merlin [7] as syntactic ex- 
pressions (21,...,2%).~, where is a formula 


Jz... Ize (Ar A A Am) (6) 














over a finite relational signature, A1,..., Am are atoms of the form Ry... Yn;, 
and 21,...,%% are distinct variables with free(y) C {a,,...,2,}. In the same 
paper, a relational database is represented as a finite, non-empty relational struc- 
ture B. The result of (a1,...,2%%).~ in B is defined in [7] as the tuple set 
{(uw(a1),.--,u(ae)) | (B, u) =| p}. This set corresponds to a k-column table, 
and its elements represent the table rows. Every formula built from atoms using 
only conjunction and existential quantification (such a formula is called primi- 
tive positive) can be equivalently represented as in (6), and is then said to be in 
prenez normal form. 

In this paper we allow both the signature and the relational structure, which 
represents the data, to be infinite. We use the letters M, A and G to represent the 
signature, the data, and the carrier set of A, respectively. We consider conjunc- 
tive queries with equality, i.e. atoms of the form x; =x, in (6) are allowed. We 
only consider conjunctive queries without constants. This does not limit expres- 
sivity (constants can be introduced as unary relations), and we avoid the special 
treatment of constants in database theory which can lead to unsatisfiable queries 
in the presence of equality (cf. [1, p. 47f.]). For a query (a1,...,2%).y, we re- 
quire free(y) = {21,..., £k} (instead of free(y) C {2 ,...,2,} as above), which 
does not limit expressivity, because trivial equalities x; =x; can be added to yp 
without changing the query. The prefix (a1,...,2,) then only specifies column 
order in the result. We abstract from column order by representing results in the 
named perspective [1, p. 31f.], where table rows are modeled as functions from 
column names to elements of G. Moreover, we use the free variables themselves 
as column names. As a result of the above specifications, a conjunctive query 
can be identified with a primitive positive formula. The chosen representation 
unifies the logical and database-theoretic viewpoints. 

A named tuple is a partial function À : var — G. For given X C var, an X- 
tuple is a named tuple À with def(\) = X. So 8(G*) is the set of all X-tuples, 
and Tup(G) := Uycyar G* denotes the set of all named tuples. A table over 
G is a set A C G* of X-tuples over GŒ. The elements of A are called its rows, 
and if A is non-empty, then X is called the table schema. The table schema of 
the empty table is defined to be var. We denote the set of all tables over G by 
Taba. The result of the conjunctive query vy in A is the table 





resa (p) := { Ultree(y) | (4,4) Fe}. (7) 


Different representations of conjunctive queries are presented in the “Alice 
book” [1]. A conjunctive query in the original sense of the definition is consid- 
ered a conjunctive calculus query. Tableau queries, covered in Section 3.2, are a 
structural representation of conjunctive queries. 

We can elaborate on the prenex normal form in (6), representing a conjunc- 
tive calculus query as a formula 





Fz... 323 zepi - -  Izepk (@1=2e41 A+ A Ek=E Zek A Bi A+++ A Bp), (8) 

















where each x; has exactly one free occurrence (on the left side of an equation) 
and each atom B; is of the form mjyj1...Yjn; with nj > 1, mj E€ Mn, and 


Yjls--+sVjny E {21,---,2e+e}. This formula is obtained from (6) by introducing 
a new bound variable zg1; and an equation 7; = 24; for each 2;, replacing 
x, with zep; in Ay A--- A Am, and eliminating all equality atoms z;,=z;, by 
substituting z; with z;,, hence r < m. As a result of the latter, the variables 
Z4+1,-+-,2e+k in (8) need not be distinct. The normal form in (8) separates the 
free variables, which are used as column names, from the other variables. 














Fig. 3. Graph representations of the query 4z14z2 (w1=2z2Arz121 Arz7122\ 82122 azZ2). 





Conjunctive queries can be drawn as graphs. We assume a representation as 
in (8). Fig. 3 shows two graphs for the query 42,422 (£1=22 A rz121 A r2z1z2 A 
$2122 \az2). The left graph is drawn similar to a conceptual graph. Rectangular 
nodes are called object nodes and represent bound variables. Rounded nodes are 
called relation nodes, and are connected to object nodes by edges labeled 1,..., n, 
where n is the arity of the relation node. A relation node is labeled with one or 
more relation symbols, and a label m represents an atom ™z;, ... Zi„, where z;, 
is the object node connected by the k-edge for 1 < k < n. An atom zi = 2, 
where z; is free and z; is bound, is represented by a label x; on the object node 
for z;. Two relation nodes of the same arity n connected to the same object nodes 
in the same order 1,..., is not permitted. Instead, the respective labels must 
be concentrated on a single relation node (a convention like this ensures that 
graphs support an intuitive notion of homomorphisms, formally introduced in 
Section 3.3). If all relation symbols have arity n > 2, we can represent conjunctive 
queries using the standard notation for directed graphs (cf. the right graph in 
Fig. 3). Object nodes are then drawn as circles, a label m on an object node 
zi represents an atom mz;, and a label m on a directed edge from z; to Zi, 
represents an atom ™z;, Zi,- We use the second notation for the examples in this 
paper, because it takes less space. 














3.2 Tableau Queries 


Tableau queries are structural representations of conjunctive queries (cf. [1]). We 
define a tableau query as a pair (T, A) consisting of a finite, non-empty relational 
structure T and a partial function À : var — |T| with finite domain of definition. 
The tableau query for a primitive positive formula y, given as in (8), is the pair 


(Ty, Ay) given by 


|Tel = (4t1555 28a), (9) 
mi? := {(y1,---5Yn) | MYI -- -Yn is an atom in p}, (10) 
ie T. 
Nee ee te} > |Tọl an 
Ti > 245 


for all m € Mn and n > 1. The partial function A, is called the summary of the 
tableau query (cf. [1, p. 43]). 


: el ee 
O Z1 21/22 21|21 


22 21|23 21/22 
































Fig. 4. Conjunctive query (drawn as a Fig.5. Conjunctive query (drawn as 
graph). tables). 




















Figs. 4 and 5 show the query 3213223z33z4(£1=2Z2 A Lg=22 A 13=23 A azı A 
azz N rZız2 \ rz 23 ^ $2121 ^ $2122) as a graph and as tables, respectively. The 
bottom table in Fig. 5 represents the summary; its second row lists all elements 
in the carrier set. A representation as tables is more faithful to the definition 
of a tableau query, but the graph representation seems more comprehensible, so 
we use it for tableau queries nonetheless. 

The following proposition provides a structural characterization for the sat- 
isfaction of M-formulas. It is convenient to consider satisfaction also for inter- 
pretations (A, u) where pu is only partially defined, i.e. u : var — |4|. Such a 
variant can be found e.g. in Abiteboul et al. [1, p. 24f.]. We call such (A, p) a 
partial M -interpretation, and consider a primitive positive formula y to be false 
under (A, u) if u(x) is undefined for some x € free(y) (otherwise, satisfaction is 
defined as usual). This means that «=a is not a tautology; it is wrong under any 
interpretation (A, u) that does not define x. We thereby obtain the following 
proposition: 








Proposition 2. Let (To, àp) be the tableau query for a primitive positive M- 
formula p, and let (A, u) be a partial M-interpretation. Then (A, u) =| vy if and 
only if there exists a homomorphism f :T, + A with f o à < u. 





Proof. We consider y to be given as in (8). By (9) and (10), an assignment 
f : {21,---,2e+n} > |A| satisfies (A, f) H| Bı A--- A Br if and only if it 
is a homomorphism f : Tọ — A. For (A, f) H w1=2e41 A+++ A te=Ze4% to 


hold in addition, f must be defined on {#1,...,a%} by fo p = fliein} 
(cf. (11)). Finally, an assignment ps: var — |T,| satisfies (A, u) = ọ if and only 
if ulizi, er} = flte... s} With f as before, ie. for, < py. 














The result of a tableau query (T, A) in A is defined as the table 
resa(T, A) :={forA|f:T— A}, (12) 


and Prop. 2 shows that resa (Tp, Ap) is indeed the result of y in A as defined 
in (7). Note that we have not required |T| to be a set of variables (and it is 
not required in (12) either). However, replacing the elements of |T| in (T,A) 
with distinct variables in var \ def(\) produces a tableau query (Ty, A,) with 
the same result (cf. (8)-(12)). Tableau queries are thus precisely the primitive 
positive formulas (conjunctive calculus queries). 


3.3 Windowed Structures and Homomorphisms 


The homomorphism theorem of database theory [1] characterizes query con- 
tainment by homomorphism [1]. This presupposes a structural representation of 
conjunctive queries, such as tableau queries. In the original version by Chandra 
and Merlin [7], queries have been represented by relational structures, equipped 
with an additional unary relation for each free variable (and also each constant), 
with homomorphisms as in Section 2. In these works, only queries with the same 
set of free variables are compared, and query containment then corresponds to 
logical implication of formulas, as defined in logic textbooks [10]. 

In this paper, we consider query containment for arbitrary queries (not nec- 
essarily in the same free variables), based on the expected definition of homo- 
morphisms (as functions that preserve relations and free variables). An extended 
version of the homomorphism theorem is stated in Section 3.6, and query con- 
tainment is related to a table order, introduced in Section 3.5, where the infimum 
is the well-known natural join operation. A meaningful interpretation of query 
containment in this context can be given from a logical perspective, based on 
the notion of p-implication, to be introduced in Section 3.4. 

In this section, we define windowed structures as an infinite extension of 
tableau queries, which are used to model not only queries, but also logical inter- 
pretations as defined by Ebbinghaus et al. [10], which allows to formally unify 
query containment and query solution in Section 3.4. 

A windowed M -structure is a pair (2, A) consisting of an M-structure 2 and a 
window À : var — ||. A windowed structure (X, A) is finite if both 2 and def (A) 
are finite. The windowed M-structure (0m, 0) is called empty. Formally, a tableau 
query is a non-empty finite windowed structure, and a partial M-interpretation 
is a non-empty windowed M-structure. We use WS,, to denote the class of 
windowed M-structures, and set WSm[X] := [(2,A) € WSm | def(A) = X] for 
X C var. 


1 We use an alternative definition with the window in the last component to accom- 
modate the existing definitions of tableau queries and M-interpretations. 


A homomorphism f : (Qh,A1) —> (W2, A2) of windowed structures is a ho- 
momorphism f : A —> A with forA, < Az. We write (21, A1) S (le, A2) to 
indicate that a homomorphism f : (Rl, A1) + (le, A2) exists. For each (X, A), 
the identity idjaq : [A] — |A| is a homomorphism idjg) : (A, A) > (A, A), and 
homomorphisms are closed under composition. This means that < is a reflexive 
and transitive relation (i.e. a preorder) on WSy, and we call it the homomor- 
phism preorder. The pairs (WSm, S) and (WSy[X], <), with X C var, are thus 
preordered classes. Windowed structures W1, Wo E€ WS my are equivalent, written 
W, ~ Wao, if Wi S We and W2 S W,. An isomorphism is a homomorphism 
f: Wi > W2 which has an inverse homomorphism f7! : Wz > W,. Such W, 
and W2 are isomorphic, written W, = W2, which implies W, ~ W2. 

The empty windowed structure (0,7,@) is the least element of WSm. The 
windowed structure (Oj7,x, idx) with |Om, x| = {X} and m°™* = Ø for all 
m € M, isa least element of WS m [|X]. It is a query with #X isolated nodes, each 
representing a free variable. The windowed structure (liz, 9x) with |1ac| = {0}, 
mim = {(0,...,0)} for all m € M, and x(x) = 0 for all x € X, is a greatest 
element of WSm[X]. It is a query with a single node, related to itself by all 
m E€ M, and with #X free variables, all understood to be equal. The windowed 
structure (1m, Ovar) is a greatest element of WS m. 


3.4 Homomorphism Theorem 


We now consider the equivalence 


if (A2, A2) S (A, u) then (21, A1) S (A, y) 


Ai, à1) S (Wo, A2) S 
(24, A1) S (Qe, A2) for all (A, u) with property P 


(13) 


for different properties P of windowed M-structures. The left-to-right implica- 
tion holds by transitivity regardless of P, and the right-to-left implication holds 
by reflexivity if (2l2,A2) has property P. Note that the right-hand side of (13) 
corresponds to the model-theoretic definition of logical implication if (A, 1) is 
an M-interpretation, (21,1) and (22, A2) are tableau queries (i.e. non-empty 
and finite) and < is read as satisfaction (cf. Prop. 2). To make the right-to-left 
implication hold in this case, we regard the (A, p) as partial interpretations (cf. 
Section 3.2), i.e. P is the property that A is non-empty. Accordingly, given prim- 
itive positive formulas y and w, we say that p p-implies p, written y Fp Y, if 
every partial interpretation that satisfies y also satisfies . Equation (13) thus 
characterizes homomorphisms by p-implication, and we summarize this in the 
following variant of the homomorphism theorem of database theory. 





Theorem 1 (Homomorphism Theorem (Logic Version)). Let y and) be 
primitive positive formulas. Then (Ty, Aw) S (To, àp) if and only if p p-implies 
Y. 


We now compare p-implication to the usual notion of implication, as defined 
in Section 2. While extending satisfaction to partial interpretations as in Sec- 
tion 3.2 may seem unspectacular, we obtain as a consequence that an equality 


x=z is no longer a tautology, because it does not hold under interpretations 
where x is undefined. Likewise, x =x does not imply y =y, because there exist 
interpretations where «x is defined and y is undefined. Proposition 3 characterizes 
p-implication. 


Proposition 3. Let p and w be primitive positive formulas. Then 
p Hp Y p H y and free(w) C free(y). (14) 


The notions of implication and p-implication coincide if free(p) = free(w). 











Proof. If p Hp w holds, then y — ~ follows a fortiori and free(y) C free(y) 
by contraposition. Now assume the right-hand side of (14) holds, and let (A, p) 
be a partial interpretation with (A, u) = y. Then (A, A) H ¢ for any total 
fi > u, (A,A) = w follows from y }= w, and finally (A, u) H Y because of 
free(q) C free(y) C def(u). This shows y =p wv. 
































In Chandra and Merlin’s paper [7], a database was considered to be finite. 
For tableau queries, this does not lead to a different notion of implication, be- 
cause (13) also holds if P is finiteness. 

On the basis of Prop. 2, we generalize satisfaction to arbitrary windowed 
M-structures, i.e. we say that (A, u) satisfies (U, A) if (XA, à) S (A, u), where 
(A, A) is considered a query and (A, p) an interpretation. The result of a query 
is then given by the function 

WSm —> Tabga 
res, : ; (15) 
e à) > {ulao | (A, A) S (A, u)} 


in accordance with (12). We have thus generalized conjunctive queries to infinite 
queries. The empty query (Om, Ú) states nothing and is always true, whereas 
the empty interpretation (Om, 0) describes an empty universe in which only the 
empty query holds. 

If we consider (13) for arbitrary windowed structures (and P as a tau- 
tology), the right-hand side says that (M2, A2) implies (2,1) in the model- 
theoretic sense. Because partial interpretations are considered, we write this as 
a p-implication (22, A2) Fp (2h, A1). Then (13) states that 





(21, A1) S (A2, A2) & (Ble, A2) Fp (2h, A1), (16) 





so (WS ys, Fp) is a preordered class, and it is dual to (WSjy,,<). We have ob- 
tained that the <-relation on WS m describes both satisfaction and p-implication, 
and whether it is read as one or the other depends on the context; on the formal 
level, the two notions coincide. 

A logic-based version of the result operation in (15), where the result is the 


set of partial assignments that satisfy the query, is given by 


“hs o > P(Tup(G)) 
res, : 


(4A) 4 {u € Tup(G) | (4A) $ (4, u) } a 


It is obtained from (13) that 


res (W2) C res (W1) 


Wi SW & . 
for all relational structures A 


(18) 
holds for all W1, W2 E€ WSm. Note that we have allowed interpretations in an 
empty universe, so empty databases can be represented by A = Om, and in this 
case resg,,(W1) = resg,,(W2) = 0. 

To obtain an analog of (18) for the result operation in (15), we need a means 
to compare result tables. A table order will be introduced in Section 3.5, and the 
homomorphism theorem is restated for tables in Section 3.6. Of course, when we 
restrict (18) to queries W1, W2 E€ WSm[|X], tables resa (W1) and resa(W2) are 
simply compared as subsets of G*. A corresponding statement of the homomor- 
phism theorem can be found in Abiteboul et al. [1, p. 115]. 


3.5 Tables 


A table can be seen as a minimal representation of a set of partial assignments, 
where the full set of assignments is provided by the function 


T T 
paet: abe > P(Tup(G)) (19) 
TH {u € Tup(G) | L|schema(T) € T} 
Every table T € Tabg can be reconstructed from pset(T) by the function 
T Tab 
table : TUG) => Taba (20) 
Aw {14|schema(A) | H E A} 


where schema(A) := f ea def (u). The functions pset and table thus establish a 
one-to-one correspondence between Tabg and pset(Tabg). 
The following Prop. 4 shows that the table order, defined by 


schema(T2) C schema(T; ) 


T, <The 21 
' i and {A]schema(T2) | AE Tı} C To ( ) 


for tables Tı, Tə € Tabg, reflects the set order on P(Tup(G)). The right-hand 
side in (21) means that the first table, projected to the column set of the second 
table, must be a subset of the second table. 


Proposition 4. The function pset : (Taba, <) > ((Tup(G)), C) is an order 
embedding, i.e. 

Tı <T & pset(T,) C pset(T>) (22) 
for all Ti, To € Tabg. 


Proof. For the left-to-right implication in (22), we assume T, < T> and t € 
pset(T1). Then t|schema(T:) € Ti by (19), t|schema(T2) ET by the assumption, 
and t € pset(T2) by (19). This shows pset(Tı) C pset(T2). The right-to-left 
implication is shown in the same way. 














The natural join of a family (T;)ier of tables is the table 


X T; := [AE GQUier schema(T;) | A|schema(T;) € T; for alli € I}, (23) 
icI 
cf. [1, p.58]. The join of the empty family is the table {Ø} with schema @ and a 
single row. This is the largest table in the table order. In connection with yes-no- 
queries, it is interpreted as the yes-answer (cf. [1, p.42]). It is straightforward to 
verify that the natural join is the infimum operation in (Tabg, <). In particular, 
every subset of Tab has an infimum, so (Tabg, <) is a complete lattice (cf. [16, 


Prop. 1]). The pset function preserves infima, i.e. 
pset( X T;) = N pset(T;) (24) 
tel iel 


for all families (T;);e7 in Tabg. The join of tables thus corresponds to the inter- 
section of their representations in $8(Tup(G)). 
The supremum in the table order has been called the co-join in [21], and it 


is given by 


icl tel 





Nie Schema(Ti) | NE Tiy: (25) 


The co-join of the empty family is the empty table. It is the smallest table in 
the table order. 

Fig. 6 shows an example of the join and co-join operations. For tables with 
the same schema, join and co-join simply correspond to the intersection and 
union of rows, respectively. 


afeafe] wafesfea] [e:ezfzs]ea] rafes] 
1)2/3))/2/3)4)//1)/2)/3])4))2]3 


6/7}/8)/)/2)/3/5]])1)2)/3])5] | 7/8 
Tı To Tı ™ To Tı X To 
























































Fig. 6. Join and co-join 


3.6 Query Containment and Equivalence 


Given queries W; and W2, we say that Wi contains W if resa (W2) < resa (W1) 
for all relational structures A. 


Theorem 2 (Homomorphism Theorem (Database Theory Version)). 
Let W1, W2 E WSm. Then Wi S We if and only if W, contains Wa, i.e. 


resa(W2) < resa (W1) 
Wi SW & 
: 2 for all relational structures A 


~N 


(26) 


Proof. The following equivalences 


Wi < Wz > VA: res% (W2) Cc res’ (W1) 
= VA: pset(res,(W2)) C pset(res 4 (W;,)) (2 
= VA: resa(W2) < resa (W1) 


— — 
N N 
Oo on 
we a E a 











follow from (18), res% = pset ores, and Prop. 4, respectively. 





Abiteboul et al. [1] define query containment for tableau queries as above, but 
consider only finite databases. As remarked in Section 3.2, the restriction to 
finite A leads to the same notion of implication for tableau queries, so if we 
require W; and Wz to be tableau queries, we can require on the right-hand side 
of (18) and (26) that A is finite. 

Queries that contain each other are called equivalent. By Thm. 2, query 
equivalence coincides with hom-equivalence, and we shall use one to mean the 
other. 


3.7 Query Minimization 


Theorem 3 (Query Minimization). Let (T,X) be a tableau query. There ex- 
ists a minimal tableau query (S,v) with (S,v) ~ (T,A), and it is unique up to 
isomorphism. There exists an idempotent endomorphism h : (T, A) > (T, A) with 
(Tleng(h)» à) = (S, v). 


Proof. The existence of a minimal (S,v) with (S,v) ~ (T, A) follows from the 
well-ordering of natural numbers. For any other such query (S’,v’), there exist 
f: (S,v) > (S",v’) and g : (S",v’) > (S,v), and go f : (S,v) > (S,v) is 
bijective, because (S,v) ~ (S|me(gof),¥) and (S,v) is minimal. Any bijection 
k : (S,v) > (S,v) acts as a permutation on the (finite!) relations m“, ice. 
k(m*) = m*%, which means that k is an isomorphism (where we have defined 
k(m*) := {(k(a1),---,;k(an)) | (a1, ---, an) E MË} for m € M and n > 1). Thus 
(go f)~', and by symmetry (f o g)~+, are homomorphisms and provide left and 
right inverses k := (go f)! o g and k’ := go (f o g)! of f. Moreover, we have 
k=ko fok = k', so f is an isomorphism. This shows that (S,v) is unique up 
to isomorphism. 

Let s : (S,v) > (T, A) be arbitrary. As before, we obtain a left inverse s¢, so 
that s¢ o s = idjg;. Then rng(s¢) = |S], and thus rng(h) = rng(s) for h := s o sẹ. 
Then (S, v) = (Tling(h)» A) and (T|ing(h); A) is minimal, so (S, v) = (Tling(h)» À) 
by uniqueness of the minimal query. Finally, h : (T, A) > (T, A) is idempotent 
because ho h = so (sgo s)o se =h. 














Example Let M be the signature Mı U Mz with Mı = {a,b} and Mə = {r}. 
The upper graph in Fig. 7 represents a windowed structure (G1, A1) € WSml{e} 
with |G1| = {1,2,3,4}, a = {1,4}, 6% = {3,4}, r% = {(1, 2), (3, 2), (4,2)} and 
At = {(x,1)}. Each ¿i € |Gı| is written inside its node, so we can refer to it (we 





Fig. 7. Equivalence and minimization. 


write x:i to separate it from the window variable x). The lower graph represents 
a windowed structure (G2, A2) E€ WS [{x}}], its definition can be obtained from 
the graph. The function f : (G1,A1) > (Go,A2) with f(1) = 5, f(2) = 6 and 
f(3) = f(4) = 7 preserves all relations, which shows (G1, 41) S (G2, A2). The 
function g : (G2,A2) —> (G1, A1) with g(5) = 1, g(6) = 2 and g(7) = 4 also 
preserves all relations, which shows (G2,A2) S (G1, A1). This shows (G1, A1) ~ 
(G2, 2). Moreover, g identifies (G2, 2) with a subgraph of (G1, 1), and f is 
a folding onto that subgraph. Since (G2, 2) can not be folded onto a proper 
subgraph of itself, it is minimal. 


4 Conjunctive Queries: Sum and Product 


In Section 3, we formalized conjunctive queries, their infinite generalizations, 
and query containment, by windowed structures and the preorder of homomor- 
phisms (cf. Section 3.6). The sum and product of queries, to be introduced in 
Sections 4.2 and 4.1, are supremum and infimum operations (modulo equiva- 
lence) in that preorder. The sum of queries corresponds to their logical conjunc- 
tion. The product construction has been previously used by Baader et al. [4] 
in a similar context (the product does not correspond to disjunction, which is 
not available for conjunctive queries). In Section 4.3, we eliminate query equiva- 
lence, thereby obtaining a query order with the properties of a complete lattice. 
A technical problem faced via this process is that queries form a proper class, 
rather than a set. Dealing with a proper class can be avoided by considering fi- 
nite queries only (cf. Section 6.1), but this is at the expense of the completeness 
property. 


4.1 Product of Windowed Structures 


Definition 1 (Product of windowed M-structures). Let ((2i,Ai))ier be a 
family of windowed M-structures. The product [],<;(2i,i) is defined as the 
windowed M -structure (An, An) with 


[Anl = X |24], (30) 
tel 
(cas ier, fan (a ier) E m™ (a, me ,as”)) em faiel, (31) 
and Fiera A =r Pin] (32) 
Te (Ai(@) ier 


for allm E€ Mn andn > 1. 


Proposition 5. The product J J;e r(A, Ai) is a greatest lower bound of {(2;, Ax) | 
i € I} in (WSm,Ș). 


Proof. Let (Ai, An) := [ier (2h, ài). We first show that the k-th projection 


We — [Ak] 


((ai)ier) = ak es) 


is a homomorphism r : (An, An) > (Ak, Ak), which means that (lr, An) is a 


lower bound of (Ap, Ax) for all k € I. Given ((aP Jier, ... , (a Jier) € m2, we 


have (x((a‘”)ier),-.-, e((as”)ier)) = (ab?,..., al”) © m™ by (31), so mm 


preserves relations. Using (32), we obtain (mp o Am)(x) = me ((Ai (2) ier) = An (2) 
for x € def(Aq), so 7, preserves the window. 

Now let (2l, A) be a lower bound of {(2;,A;) | ¢ € I}, which means that 
homomorphisms f; : (XU, A) > (Ui, A;) exist for all i € I. We then show that 


$ h > [2n (34) 


ar (fi(@) ier 


is a homomorphism f : (2, A) > (Au, Am), and thus that (21, Am) is a greatest 
lower bound. So let (a1,..., an) E m™ for some m € Mp and n > 1. Then 
(fi(ar),---, fi(@n)) E m™ for all i € I, and by (31) we have (f(a),..., f(an)) € 
mt, It is easily verified that f o <A, so f preserves the window. 














Fig. 8 shows the product of two windowed structures. A product node (i, j) shows 
what the nodes i and j have in common. For example, (2,6) has an attribute b 
and an r-successor, and that is precisely what 2 and 5 have in common. 


4.2 Sum of Windowed Structures 


Definition 2 (Sum of windowed M-structures). Let ((2j, Ai))ier be a fam- 
ily of windowed M-structures. Let o be the smallest equivalence relation on the 
disjoint union |_|,-7|2li| such that 


(i, As(x)) ø (j, Ag(@)) (35) 


icl 


b rs G5) s Ga? © 
a 
a r ab j ; b 


Fig. 8. Product of windowed structures. 


for all i,j € I and x € def(A;) N def (Aj). The sum J -er (Ai, Ai) is defined as 
the windowed M -structure (As, Ax) with 


As] = {16 Je | (64) € |_|}, (36) 
ier 
m™ = (JEC a1)les -+-+ [ë an)lo) | (Gay---44n) E m™}, (37) 
wel 


te User def(as) > [2x] (38) 


xr [(9,A;(x))]o (where j € I with x € def(A;) is arbitrary) 
for allmée M andn>1. 


Note that Ax in (38) is well-defined because of (35). 


Proposition 6. The sum >> ,<,(2i, ri) is a least upper bound of {(2i, Ai) | i € 
I} in (WSm,[). 


Proof. Let (As, às) := ver Ai Ai). We first show that each function 
at+ [(k,a)|, 


is a homomorphism vz, : (Ak, Ap) > (As, ås), which means that (As, Ay) is 
an upper bound of (Ap, Ax) for all k € I. Given (a1,...,@n) E m™*, we have 
(tz (a1),--.,te(@n)) = ([(k,@1)],..-,[(k,an)]) € m= by (37), so tkp preserves 
relations. Using (38), we obtain (tk o Ap)(£) = [(k, Ag (2))] = As(x) for x € 
def (Ax), SO tg preserves the window. 

Now let (XA, A) be an upper bound of (2;,A;) | ¿ € J, which means that ho- 
momorphisms f : (Ui, Ai) > (2, A) exist for all i € I. We then show that 


fis] > fa 
i tees one a 


is well-defined and f : (As, As) > (A,A) is a homomorphism, and thus that 
(As, Ay) is a least upper bound. 

Let ọ be the equivalence relation defined by (i,a) o (j,b) : fila) = f(b) 
for all (i,a), (j,b) € Lier|2il. Because of fio Ay < A and fj oA; < A, we 
have (i, Ai(x)) o (j, à;(x)) for all ij € I and x € def(A;) N def(A;). But o 
was the smallest equivalence relation with this property (cf. (35)), which im- 
plies o C o. We have defined f([(i;a)]o) = fila) and f([(j,b)]o) = f(b), and 
for (i,a) o (j,b) we thus have indeed f;(a) = f;(b), so f is well-defined. Fi- 
nally, let (b1,..., bn) € m™* for some m € M, and n > 1. By (37), we have 
(b1,---;6n) = ([(i,a1)],-.-,[(i,an)]) for some (a1,...,an) € m™ and i € I. 
Then (f(b1),---,f(bn)) = (fi(ar),---,fi(an)) € m”. It is easily verified that 
foAy < A, so we obtain f : (As, Ax) > (A, A). 














Fig. 9 shows an example of the sum of windowed structures. The graphs are 
merged by the nodes that correspond to the same query variables, as identified 
by the window. In Fig. 9, these are the nodes that correspond to x and y. The 
sum (Ti, Ap) + (Ly, Aw) corresponds to the conjunction of formulas y A w. 





Fig. 9. Sum of windowed structures. 


4.3 Complete Lattice Operations on WSm 


Propositions 5 and 6 state that the product and sum of windowed structures are 
greatest lower and least upper bounds, respectively. But these bounds are unique 
only up to query equivalence. In this section, we eliminate query equivalence, 
thus turning the preorder of queries into an order with infima and suprema. 

The standard construction that achieves this for preordered sets would be the 
set of equivalence classes with the induced order. Note however that (WSm, S) 
is a preordered class, not a preordered set, which presents a technical problem. 
For a practically oriented reader, it may be sufficient to work only with tableau 
queries (i.e. finite windowed structures), which are easily captured in a set, but 
one should be aware that completeness is then lost, because tableau queries are 
only closed under finite suprema and infima. We choose to address the technical 
problem by defining the query order on a system of representatives, rather than 
a collection of equivalence classes. 


The axiom of choice states that a system of representatives exists for every 
equivalence relation on a set. But it does not apply here, because WS m is a 
proper class. The existence is addressed by the following proposition. 


Proposition 7. There exists a function rep on WSm with 


rep(W)~W, (41) 
W, ~ Wz > rep(W,) = rep(W2) (42) 


for all W, W1, W2 € WSm. 


Proof. For every cardinal a, let S M,a denote the set of all windowed M-structures 
with carrier set a (the cardinal a is a set with cardinality a, cf. [9]). Let 
clsg(W) := {U € Sm,a | U ~ W}. Finally, let 8(W) denote the smallest cardinal 
a such that cls.(W) #0, and let rep(W) := X cls g(w)(W). 

By Prop. 6, the sum }? clsg(w)(W) is a least upper bound of clsg(w) (W). 
Because all elements of clsgcyy) are equivalent, >> clsgcy)(W) is equivalent to 
each U € clsg(w) (W), and thus to W, which shows (41). For Wı ~ W2, we have 
B(W,) = B(W2), moreover cls g(w,)(W1) = clsg(w,) (W2) and thus rep(W1) = 
rep(W2), which shows (42). 














For the rest of the paper, it is assumed that rep is always the same fixed function, 
and besides (41) and (42), its definition will not matter. The proper class 


WSF := [rep(W) | W € WS] (43) 


is a system of representatives, and rep(W) is the representative of W. The restric- 
tion of < to WS}? is an order, and we simply use < to denote it. So (WS , <) 
is an ordered class, and every subset {W; | i € I} of WS}? has an infimum and 
a supremum, given by 


NW = reJ [w:), (44) 
ier icl 
\/ W: = rep(S2 W), (45) 
tel tel 


respectively (cf. Props. 5 and 6). 

The formal representative rep(W) should be regarded as an equivalence class 
of queries rather than an actual query. When queries are drawn, or used in 
practical computations, any other equivalent graph can be used in place of the 
formal representative. This is made precise by the following proposition. 


Proposition 8. The following holds for all W1, W2 E€ WSm and all families 
(Wi)icr in WSm: 


Wi L W2 © rep(Wi) < rep(W2), (46) 
II W; ~ \ rep(W;), (47) 
icl icI 
D W; ~ V rep(W;). (48) 


tel wel 


Proof. We have Wı < W2 © rep(Wi1) S rep(W2) by (41), and rep(W1) S 


rep(W2) = rep(W,) < rep(W2) by definition of <, which shows (46). For (47), 
consider J J;e; Wi ~ [liez rep(Wi) = rep(] liez rep(Wi)) = Aig rep (W:), which 
follows from Prop. 5, (41) and (44). Equation (48) is shown in the same way. 














5 Concepts of a relational structure 


In Section 5.1, we present dual adjoints for the result functions on conjunctive 
queries, in both the logic-based and database-theoretic variants. The dual ad- 
joints provide the available information on a given set of tuples. Dual adjoints 
establish a Galois connection; the well-known results are gathered in Section 5.2. 
As is usual, we define concepts as stable pairs under a Galois connection (cf. [16] 
and [15]). Concepts are defined in Section 5.3 for the database-theoretic Galois 
connection (these connect the query order with the table order), and in Sec- 
tion 5.7 for the logic-based Galois connection (which uses sets instead of tables). 
Both definitions are shown to be equivalent in Section 5.7, i.e. the respective 
concept lattices are isomorphic. An example concept lattice is presented in Sec- 
tion 5.4 that illustrates this isomorphism. In Section 5.5, we provide insight into 
the nature of concept intents, and in so doing obtain a descriptive algorithm for 
computing the concept lattice. In the example concept lattice, intents are drawn 
as connected graphs, although formally intents comprise further components, 
unrelated to the query subject. Section 5.6 provides the formal grounds through 
which this excessive information can safely be ignored. 


5.1 Dual Adjoints 


The result functions res, and res*, are antitone. Consider more generally an 
antitone function g : (Q, <) —> (P, <) between ordered classes. If the function 


ener 


pana Sold Sa oe 


is well-defined (i.e. if the maximum in eqn. (49) exists), it is called the dual 
adjoint of g. Not every antitone function has a dual adjoint. However, we can 
establish in this section the dual adjoints of res, and res% . 

To understand what a dual adjoint is, it is instructive to apply the definition 
in eqn. (49) to res*,. In this case, ($8(Tup(G)), C) and (WS}7”, <) take the role 
of (P,<) and (Q, <), respectively. For a given tuple set A C Tup(G), the class 
[W € WS)? | res*\(W) 2 A] contains all queries which contain A in their result 
set, and its maximum is the most descriptive query in this class. The dual adjoint 
thus provides information available in A on a given tuple set A. 


Proposition 9. The dual adjoint of res% is the function 


, eee 
info% : 


Aw Nuca rep(A, u) oy) 


Proof. According to eqn. (17), a query W € WS}? contains p € A in its result 
set if and only if W < (4A, u), or equivalently if W < rep(A, u), i.e. if W is a 
lower bound of rep(A, u). The maximal query in WS}? solved by all u € A is 
thus the infimum A „e4 rep(A, u). 














Proposition 10. The dual adjoint of resa is the function 
T b rep 
info, : anges NSN ; (51) 
T œ> Nuer rep(A, n) 
Proof. Considering eqns. (21), (15) and (17), we obtain 
resa (XA, à) > T & Vu ET : laeta) € resa (%, A) (52) 
< Vu ET : u E€ res (2, A) (53) 
s res*,(4,A) DT. (54) 


The dual adjoint is as in eqn. (50), as infoa (T) = max[W € WS}? | resa(W) > 
T] = max[W € WS;? | resh (W) 2 T] = info% (T). 














5.2 Galois Connections 


A Galois connection between ordered classes (P, <) and (Q, <) is a pair (F, G) 
of antitone functions F : P > Q and G : Q —> P such that Go F and F o G 
are extensive, i.e. p < G(F(p)) and q < F(G(q)) for all p € P and q € Q. 
Propositions 11, 12 and 13 state basic results on Galois connections for ordered 
classes. Corresponding results for ordered sets are stated in Props. 6, 5 and 7, 
respectively, in the Formal Concept Analysis (FCA) textbook [16], and proofs 
apply without change (note however that Prop. 13 below states only one direction 
of its counterpart in the FCA textbook). 


Proposition 11. Let (P,<) and (Q, <) be ordered classes, and let G : (Q, < 
) > (P, <) be antitone. A function F : P > Q is a dual adjoint of G if and only 
if (F,G) is a Galois connection. 


Proposition 12. Let (F,G) be a Galois connection of ordered classes. Then 
FoGoF=F andGoFoG=G. 


Proposition 13. Let (P,<) and (Q, <) be ordered classes with infima and suprema. 
Let G : Q —> P be antitone. If G has a dual adjoint, then 


a(\/ pi) = A G(pi). (55) 


tel tel 


Applying Prop. 13 to the Galois connection (info, resa) yields 


resa(\/ Wi) = bd (resa(Wi)), (56) 
ier we 
infoa(X T;) = N infoa (T;) (57) 


icl iEI 


for all families (W;);e7 in WS, and families (T;);e7 in Tabg. Applying Prop. 13 
to the Galois connection (info% , res% ) yields 


res’ (\/ W;) = N res% (W3) (58) 
tel wel 

info’ (LJ Ai) = N info%(Ai) (59) 
iEI tel 


for all families (W;)ier in WSm and families (A;);e7 in ¥(Tup(G)). 

We may write T° instead of infoa(T) and W° instead of res,(W). Likewise, 
we may write A® instead of info% (A) and W® instead of res% (W). The use of the 
same symbol to denote either function of the Galois connection is a convention 
in FCA. 


5.3 Concepts 


We now define the concepts of a relational structure A with carrier set G and 
signature M. A concept of A is a pair (T,W) with T € Tabe, W € WSW., 
resa(W) = T and infoa(T) = W. We say that T is the extent and W is the 
intent of the concept (T, W). The set of all concepts of A is denoted by £4. It 
is characterized by the following proposition. 


Proposition 14. Let A be a relational structure. Then 


eA ={(T°,T*) | T € Taba} (60) 
= {(W°, W°°) |W Ee WS)? }. (61) 
Proof. By Prop. 12, we have T°??? = T°, so by definition (T°°, T°) is a concept. 


Conversely, if (T, W) is a concept, we obtain (T, W) = (T°°, T°) from T° = W 
and W° = T. Eqns. (60), and (61) follow in the same way. 














We say that (Tı, W1) is a subconcept of (T2, W2) if 
(Tı, W1) < (To, W2): Ti < To, (62) 


which is equivalent to Wz < W, because both functions of a Galois connection 
are antitone (cf. Section 5.2). 


Theorem 4. The ordered set (La, <) is a complete lattice. Infimum and supre- 
mum of a family (T;, Wi)icr of concepts are given by 


A Wa) = ( iM T;, (V Wa) yi (63) 
iel ve iel 
V(t. Ws) = (X T)”, N Wi). (64) 


wel tel tel 


Proof. If (WM je, Tis (Vier Wi)°*) in (63) is indeed a concept, then by definition of 
the order in eqn. (62) it must be the infimum of (T;, W;)ic7. Using eqn. (56), we 
obtain (D jer Tis (Vier WDS) = (Vier Wi)? (Vier Wi)®®), which is a concept 
by (61). This proves eqn. (63), and eqn. (64) follows in the same way. Thus 
(La, <) is a complete lattice. 














It is not possible to draw ({4,<) as we did for the concept lattice in Fig. 2, 
because, as we will see, there is an infinite number of concepts. For finite A, we 
can draw lattices £,[X] for a fixed set X of query variables, as introduced in 
the following. 

A concept of schema X, for a given X C var, is a pair (T,W) with T € G* 
and W € WS%/?[X] that is stable under the pair of functions, 


_ J WSt? [X] > B(G*) 
w e + WEGX ANSA 

info : P(G¥) > wsi [X] 
mae > Auer TeP(A, u) T 


namely functions that satisfy resa, x (T) = W and infoa, x(W) = T. First, ob- 
serve that resa, x is the restriction of res, to WS} [X]. Similarly, we have 
infor, x(T) = infoa(T) for all tables of schema X (i.e. for non-empty T € 
38(G*)). The schema of the empty table was defined to be var, but infoa x 
considers Ú as a table of schema X, and consequently sends it to the greatest 
element in WS}? [X] instead (the empty infimum in (66)). In summary, the con- 
cepts of schema X are the concepts in £4 with extents in ¥(G*), except that 
the concept with an empty extent is assigned a different intent. Equivalently, the 
concepts of schema X are the concepts in £, with intents in WS)? [X], with 
possibly an artificial bottom concept. 

The set of concepts of schema X is denoted by £a[X], and the order embed- 


ding, 


Lal[X] => LA 
LX : (T,W) if TAO (67) 
is a ifT=0 


identifies £a[X] with a subset of £4 (via concept extents). Concepts with ex- 
tents in ¥(G~* ) are closed under non-empty infima (where the join in eqn. (63) 
simplifies to set intersection), and likewise, concepts with intents in WS% [X] are 
closed under non-empty suprema (via the infimum on WS}? [X], cf. eqn. (64)). 
Considering eqn. (67), we can see that the respective infima and suprema exist 
in La[X], which makes £4[X] a complete lattice (the top concept has extent 
G*, and the bottom concept has intent info, x (0)). 

We call Lal[{z1,..-,2n}] the lattice of n-ary concepts. The particular choice 
of variables is not significant, because for sets X,Y C var with #(X) = #(Y), 
the lattices £p[X] and La[Y] are isomorphic (as the meaning of queries is pre- 
served under a one-to-one renaming of output variables). The unary concepts are 
arguably the most interesting ones, an example is presented in the next section. 


5.4 Example: Lattice 2a[{x1}] of Unary Concepts 


Consider A in Fig. 10. The carrier set of A is G = {1,2,3,4,5,6}, and the 
signature is M = Mı U Mə with Mı = {a,b} and Mə = {r,s}. It is not possible 
to draw £4 in its entirety, because concepts exist for each arity, and there is an 
infinite number of arities. 


Fig. 10. Relational structure A. 


However, since A is finite, the lattices 24 [{x1,...,@n}] of n-ary concepts are 
finite for all n € N (because the possible extents are tables in Tabg with schema 
{x1,...,2,}, and the number of such tables is finite). In the following, we ex- 
amine the lattice £4[{x1}] of unary concepts, shown in Fig. 11. Its computation 
will be described in Section 5.5. 


While the concepts in Fig. 2 were represented by nodes, we represent them in 
Fig. 11 by their concept intents, drawn as graphs. Figure 11 shows that A has 22 
unary concepts. As in Fig. 2, a line between two concepts means that the lower 
concept is a subconcept of the upper concept, and no other concept is between 
them. It also means that there is a homomorphism from the upper graph to 
the lower graph (cf. the remark under eqn. (62)). The single yellow node, shown 
for each intent (X, A), is the query subject (x1), and must be preserved under 
homomorphism. 


Six of the concepts in Fig. 11 are labeled with the object names 1,...,6. 
These are called object concepts, and their intents (the graphs themselves) are 
called object intents. The object concepts are the smallest concepts that have 
the respective object in their extent. The extent of a concept in Fig. 11 can be 
read as follows: a concept has g in its extent (for g € {1,...,6}) if it is connected 
to the object concept of g through downward lines (i.e. if the object concept is a 
subconcept). This labeling technique is known as reduced labeling (cf. [16]). For 
example, the extent of the top-most cycle in Fig. 11 is {1,2,3,4}. The reader 
may verify that there is indeed a homomorphism from the cycle to the intents 
of the object concepts of 1,2,3 and 4, but not to those of 5 and 6. 
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Fig. 11. Concept lattice with concept intents as graphs. 


5.5 Naive computation of concepts 


Recall by eqn. (60), the concepts of £4 are the pairs (T°°, T°) for T € Tabg. For 
non-empty T C G*, these are the concepts of £[X], with the possible exception 
of the bottom concept (for non-empty tables, eqns. (51) and (66) coincide). So if 
G and X are finite (and sufficiently small), we can compute £a[X] by generating 
the intents T° for all non-empty T C G* (the intent of the bottom concept is 
always (1m, 1x)), and then solving these queries to obtain the extents. 

The following proposition provides insight into what the intents are, and how 
they can be obtained. 


Proposition 15. Let X C var and n € N\{0}. The concept intents generated 
from non-empty tables T C G* with at most n rows are, up to equivalence, the 
queries (A”, A) with A: X > G”. 


Proof. Note that formally, a table T C G* does not specify a row order, and 


can not contain duplicate rows. We call a sequence (uo,...,Hn-1) € (G*)", 
with repetitions allowed, an ordered instance of T, if T = {u0,...,Hn-1}. The 
instance intent is defined as (po, ..-, Un-1)* := I (A, Hi), and we have 

T? ~ (po; ---, ee (68) 


for all instances (4o, .. ., 4n—1) of a given T, because of T? = Aper rep (4, u) = 
Neo rep(A, mi) = [Tio (A, mi), cf. eqn. (47). Because every non-empty T C G*¥ 


with at most n rows has an ordered instance in (G¥)” (duplicating some rows 
if necessary), the concept intents generated by such tables are precisely the 
instance intents of ordered instances in (G*)”. 

To complete the proof, we show that the instance intents of ordered instances 
in (G*)” are precisely the queries (A”,\) with A : X — G”. The columns of 
(uo, ---,Hn—-1) E€ (G*)” are specified by the function, 


X> G” 
: | ' 69 
(osna) ee (olt), .--, bn—1(2)) ) 


and we obtain (4o, ..-. , un—1)* = [Io (A, mi) = (A", Aquo, un 1)) using Def. 1. 
Conversely, for a given À : X — G” we understand A(x) as the z-column of 
an ordered instance (Ho, ..-,Hn—1), where consequently the i-th row is defined 
ilz) := (A(x)); for x € X, and obtain (uo, ..., Hn-=1)* = (4”, A). 














We now illustrate how Prop. 15 is used to generate the concepts of La[{x1}] in 
Fig. 11. According to Prop. 15, the intents generated by tables with 1 row are the 
queries (A, A) with À : {21} — G. This produces six queries (A, A1),..., (A, As), 
where the query subjects A1(x1),...,Ae(%1) are the six nodes 1,...,6 of A in 
Fig. 10. These are the six object intents in Fig. 11, drawn next to the respective 
object labels (the boxes in Fig. 11 with numbers in them). 

The object intents contain all information available in A on the respective 
objects. The reader will notice that the intents (A, A;) are not drawn in their 
entirety: only the connected component which contains ;(21) is shown. This 
would be expected, because the information expressed by the other components 
is not related to the subject A;(xı1) (a formal treatment will be provided in 
Section 5.6). 

The concept intents generated by tables with 2 rows are the queries (A?, A) 
with À : {a1} + G?. The second power A? is shown in Fig. 12. It consists of 25 
nodes, which are all the possible query subjects, but of the 25 queries obtained 
from A?, some are equivalent. For example, the two circular queries with subjects 
(3,4) and (4,3) are isomorphic, and thus also equivalent. The same holds for the 
three queries with subjects (1,2), (1,3) and (1,4) that are obtained from the 
same component of A? (the lower right circle in Fig. 12). The queries with 
subjects (1,1),..., (6,6) have already been seen in A. Discarding equivalences, 
we obtain 13 new intents from A’, which correspond to queries with the subjects 
(2,3), (3,4), (4,2), (1,5), (1,6), (5,6), (5,3), (6,2), (6,4), (5,2), (6,3), (5,4) and 
(2,1). 

The two missing intents can be found near the top of Fig. 12. They can be 
obtained from A?, e.g. by choosing subjects (4, 2,5) and (3,4,6). No further in- 
tents are obtained from 4°. The fourth power A* produces no new intents at all. 
One may suspect that higher powers do not produce any further intents either. 
This is in fact the case as the following proposition establishes the terminating 
condition. 
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Fig. 12. Second power of A. 
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Proposition 16. Consider the following property for k € N: 


“For all T C GX with #T =k there exists S C G* 
P(k) := = = 
(K) with #S < #T and S° = T°” (70) 


If P(n) holds for a given n € N, then P(n + 1) holds as well. 


Proof. Assume P(n) holds. A table with n + 1 rows can be written as T U {u}, 
where T has n rows. Let S denote a table with #S < #T and S° = T°, then 
#(SU{u}) < #(TU{u}) and (SU{u})? = S°N {u}? = T° N {u}? = (TU {p})°. 


5.6 The Support of a Query 


In Fig. 11 we have identified each concept intent with the component that con- 
tains the query subject (cf. Section 5.5). To establish this formally, we define the 
support of a query as the union of connected components which contain one of 
the query subjects, 


supp(%, A) := Aleme Cala) À), (71) 


where Cy(a) denotes the component that contains a. 
The following proposition states that concept intents can be compared by 
their support. This legitimates drawing only the support in Fig. 11. 


Proposition 17. Let (Tı, W1) and (T2, W2) be concepts of La. Then 


(T1,W1) < (T2, W2) = supp(W2) S supp(W1). (72) 


Proof. We set (Ai, Ax) = Wi and (Az, A2) = Wo. If (Tı, Wi) < (To, W2), then 
there is a homomorphism f : W) — Wj, and for all x € def(A2), it maps the 
component of A2(a) in A to the component of A; (x) in U, so that supp(W2) S 
supp(W)). 

Now assume supp(W2) < supp(W4). If Tı = Ø, then by definition (Ti, W1) < 
(T2, W2). If To = 0, then (T2, W2) is the bottom concept, which satisfies W2 = 
supp(W2), so that Wo X W, by the assumption, and thus also (Tı, W1) < 
(T2, W2). Otherwise, we show that there is a homomorphism f : Wo > M. This 
homomorphism maps every component of W 2 that does not lie in supp(W2) 
to W, (for these components, no subject needs to be preserved). Considering 
eqn. (51) and Def. 1, we have A = AT: and Ay = A™. Since Ty Æ f, there exists 
t € T>, and we have homomorphisms 7; : AT? + A, defined by 7;((%p)weTs) = 
z,,andv: A— AT, defined by u(x) := (x):e7,, which provide f := 10 m+. 














5.7 Set Representation of Extents 


In the classical theory of Formal Concept Analysis [16,15], extents are sets of 
objects, compared by set inclusion. Conversely, the extents of £4 are tables, 
and while for a fixed schema X, the table order coincides with set inclusion (as 
for the lattices £a [X]), this is no longer the case when comparing tables with 
differing schemas. 

However, Prop. 4 establishes the view of tables as compact representations 
of partial assignment sets (which naturally arise from a logical perspective), 
such that the table order encodes set inclusion between these assignment sets. 
The functions pset and table, defined in eqns. (19) and (20), allow us to switch 
between table and set representations, and we apply them here at the level of 
concepts. 

A set-based concept of A is a pair (A,W) with A C Tup(G), W € WSF, 
res*,(W) = A and info% (A) = W (we have defined res% and info% in eqns. (17) 
and (50)). The set of all set-based concepts of A is denoted by £%. 


Proposition 18. The function 
£ L 
e (73) 
(T, W) + (pset(T), W) 
is an isomorphism of complete lattices. 


Proof. The result set res% (X, A) of a query (A, A) € WSm contains all possible 
extensions of tuples in the result table res4 (24, ), so formally we have 


j € resa (24A) + laet(a) € resa(%, A) (74) 


for u € Tup(G). The functions pset and table allow to switch back and forth 
between both representations: 
res% (X, A) = pset (res 4 (2, A)) , (75) 
resa (2, A) = table(res’* (A, )) . (76) 


By eqn.(61), the tables res (2, A) are the extents of £4, and we obtain in the 
same way (using Prop. 12) that the sets res% (X, A) are the extents of £*,. Then 
eqn. (75) shows that pset maps the extents of £4 to the extents of £4, surjec- 
tively. By Prop. 4, pset is also injective and order-preserving, so the function 
f : £a > £4, defined by f(T,W) := (pset(T), info% (pset(T))), is an isomor- 
phism of complete lattices. It remains to be shown that this is the same f as 
in (73). Indeed, in the previous definition, we have 


info% (pset(T)) = N (A, u) ma \ (A, Ll schema(T)) 


uEpset(T) LEpset(T) (77) 
= N (An) = infoa(T) =W, 
HET 


where the second equality follows from (A, y|schema(T)) S (A, u) and ulschema(T) € 
pset(T). 














6 Pattern Structures 


Pattern structures, introduced by Ganter and Kuznetsov [15], provide a foun- 
dation for concepts with intents other than sets of attributes. A short summary 
is given in Section 2.2. In Section 6.1, we present pattern structures for the lat- 
tices £4[X], and also for £%,, thereby establishing the results of Section 5 as a 
special case of pattern structures. This allows the transfer of ideas, formulated 
for pattern structures, to conjunctive query concepts, and Sections 6.2 and 6.3 
serve as examples for such a transfer of ideas. 


6.1 Pattern Structures for Conjunctive Query Concepts 


In Section 4.3, we have turned the preordered class (WS m, S) of patterns into an 
ordered class (WS , <), thereby satisfying one condition for pattern structures, 
but strictly speaking, the patterns must be contained in an ordered set. The idea 
for turning (WS}7”, <) into an ordered set is to keep only those patterns up to 
a certain size. More precisely, we define 


WS wa := {W E€ WSy | #12] < a}, (78) 
WS ia = {rep(W) | W € WSm,a} (79) 


for an infinite cardinal a. An important special case is a = No, then #|2| < a 
simply means that the carrier set |2l| is finite. 


Proposition 19. For every infinite cardinal a, the pair (WSF a^) is a meet- 
semilattice. 


Proof. We have to show that WS47", is closed under ^. Let W1, W2 € WS o 
then W ~ (Ai, Ax) and W> ~ (Qo, A2) for some (MW, ài), (Qo, Az) € WSy with 
##|2l1|, ÆU] < a. Thus W1AW2 œ (1, A1) x (Qe, A2), and by (30), the carrier set 


of the product is |l |x |2l2|. If both #|2l,| and #|22| are finite, then #(|2l1| x |e 
is finite, and thus #(|2l| x |2l2|]) < a. Otherwise, WLOG #|2l,| < #/2o| an 
thus #£(|2l1| x |2l2|) < #(|Qe| x |2le]) = #/We2| < a, where the middle equation 
follows by Hessenberg’s theorem [9]. Therefore, Wi; A W2 E WS Wa- 


QS 














Accordingly, we define WSy,o[X] := WSm,o WSm[X], and WS al] := 
{rep(W) |W € WSm,a|X]} defines the meet-subsemilattice of queries in X. 


Proposition 20. Let A be a relational structure. For sufficiently large a, the 
triple (G*, (WS LX], A), 5) with J(u) := rep(A, p) is a pattern structure, and 
its concept lattice is La[X]. 


Proof. Choose a such that A e4 6(u) E WS47?,[] for all A C G*, then by def- 
inition, (G* , (WS [X], A), 5) is a pattern structure (cf. Section 2.2). Applying 
the generic definition of the Galois connection, given in eqns. (3) and (4), pro- 
duces eqns. (65) and (66), using (A, A) < rep(A, u) = (A, à) S (A, u) for (65). 
The pattern concepts are the stable pairs under eqns. (65) and (66), and by 
definition, these pairs are the elements of £4[X]. 














Extents of pattern concepts are sets (ordered by inclusion), so strictly speaking, 
£a can not be obtained within the framework of pattern structures. However, 
Prop. 18 shows that £4 can be identified with £%, and we can state a pattern 
structure for £%,. 


Proposition 21. Let A be a relational structure. For sufficiently large a, the 
triple (Tup(G), (WS a ^), ô) with (u) := rep(A, p) is a pattern structure, and 
its concept lattice is L4. 


Proof. Choose a such that Apea (u) € WSh7’, for all A C Tup(G), then by 
definition, (Tup(G), (WSF a A), ô) is a pattern structure (cf. Section 2.2). Ap- 
plying the generic definition of the Galois connection, given in eqns. (3) and (4), 
produces eqns. (17) and (50), using (XA, A) < rep(A, u) > (A,A) S (A, u) for 
eqn. (17). The pattern concepts are the stable pairs under eqns. (17) and (50), 
and by definition, these pairs are the elements of £%. 














6.2 Kernel Operators 


The patterns which represent concept intents can be large and complex, even 
in their minimized form, so that their computation becomes infeasible, or they 
can no longer be easily understood or represented. Since concept intents simply 
reflect what information is available on a set of objects or tuples, the key to 
solving the complexity problem lies in the reduction of information. 

Ganter and Kuznetsov [15] address complexity for pattern structures by ker- 
nel operators (also called projections) which map patterns to simpler patterns. A 
kernel operator on a partially ordered set (P,<) is a map « : P + P associated 
with a kernel range K C P such that, 


k(x) = max{y E K |y <a} (80) 


for all x € P, where K(x) is called the kernel of x. The kernel is the closest 
approximation of x by a weaker pattern in K, and consequently x(x) = x for all 
x € K. Kernel operators are the order-theoretic dual of closure operators, for 
their theoretic properties see e.g. [11]. 


Lemma 1. Let k be a kernel operator on (P,<) with kernel range K. For all 
ACP, if A has an infimum q in P, then «(A) has the infimum «(q) in K. 


Proof. Let q be the infimum of A C P. The elements of «(A) are the kernels «(p) 
with p € A, and from q < p we obtain x(q) < K(p) (cf. (80)), so x(q) is a lower 
bound of «(A). If k € K is another lower bound of «(A), then k < K(p) < p for 
all p € P, which implies k < q and thus k = K(k) < K(q). So «(q) is the greatest 
lower bound of «(A) in K. 














Proposition 22. Let (P,/A) be a meet-semilattice, and k a kernel operator on 
P with kernel range K. Then (K, ^x) with 


kı AK ko = K(ky TAN k2) (81) 


for all ky, kg E€ K is a meet-semilattice. 





Proof. This follows from Lemma 1 with A = {k1, ko}. 











Proposition 23. Let (E,(P,A),6) be a pattern structure, and k a kernel oper- 
ator on P with kernel range K. Then (E,(K,AxK),«% 06) is a pattern structure. 


Proof. We have to show that, for all A C E, the infimum of «(6(A)) exists in 
K. So let A C E. Because (E,(P,/A),6) is a pattern structure, the infimum 
q := Nô(A) exists in P, and by Lemma 1, «(q) is the infimum of «(6(A)) in 
K. 














Kernel operators for conjunctive queries are most naturally defined in the pre- 
order (i.e. on the queries themselves), and not on the representatives (i.e. equiv- 
alence classes), as required by Prop. 23. As a practical approach, we define a 
kernel operator by a function & : WSmM,a| X] > WSm,a|X] that assigns to each 
W € WSm,a|X] a greatest lower bound x(W) in a given subset K C WS m, a| X]. 
We do not require & to be idempotent (in the sense that k(k(W)) = k(W)) or 
surjective on K. 

Proposition 25 states that every such « induces a kernel operator k“? on 
Wsi lX]. Before covering details, we present three kernel operators for fi- 
nite queries with a single subject, defined by functions x : WSm,xol{z1} > 
WSm,xol{zx1}]. In all cases, M is assumed to contain only unary and binary 
relation symbols. 


k-cut The k-cut of a graph is the subgraph that consists of the nodes that can 
be reached from A(xı) by traversing at most k edges (in either direction). 
The subgraph is induced, i.e. all edges between the nodes are included. 


k=3: @ r >@) ENG r >Ĝ) s r 


Fig. 13. Directed unfolding of the top right Fig. 14. Directed unraveling of the top 
graph for k = 0, 1,2,3. right graph for k = 0, 1,2,3. 





directed k-unfolding The directed k-unfolding of a graph (cf. Fig. 13) is a tree 
with root A(x1) where all outgoing edges and their target nodes are replaced 
by disjoint copies (thus eliminating cycles), successively up to a maximum 
tree depth of k. All incoming edges, and outgoing edges at depth greater 
than k, are discarded. 

directed k-unraveling The directed k-unraveling of a graph (cf. Fig. 14) is 
defined like the directed k-unfolding, except that an edge with multiple labels 
M1,- ..,Mn is split into n edges, each carrying one of the labels, and with 
its own copy of the target. 


In each example, a query is projected into a subset of patterns, defined respec- 
tively by the properties 


P,(W) := “W has radius at most k”, (82) 
P,(W) := “W is a rooted tree of depth at most k”, (83) 
P3(W) := “W is a thin rooted tree of depth at most k”, (84) 


where the radius of W € WS m|{zx1}] is defined as the smallest k € N such that 
every node can be reached from A(x) by traversing at most k edges (in either 
direction), and a rooted tree is called thin if each edge is labeled by exactly one 
symbol. 


Proposition 24. The k-cut, directed k-unfolding and directed k-unraveling pro- 
vide greatest lower bounds in the subsets defined by properties P,, P2 and P, 
respectively. 


Proof. Let kı(W) denote the k-cut of W. The subgraph embedding + : k;(W) > 
W provides kı(W) < W. For U < W with radius at most k, there exists f : 
U — W, and the image f(U) is contained in kı(W), thus U S K1(W). So kı(W) 
is a greatest lower bound of W in the set of graphs with radius at most k. 

Let k2(W) denote the directed k-unfolding of W. Each node of Kk2(W) is 
identified with the unique path from the root to that node, and a homomorphism 


f : k2(W) —> W is then given by f(xo,...,%;) := xi, cf. Fig. 13. Let T be 
a rooted tree with T < W and depth at most k. Because of T < W, there 
is a homomorphism f : T > W, and as with K2(W), we identify each node 
of T with the unique path from the root to that node. Then f(yo,...,yj) := 
(f(yo),---;f(y;)) defines a homomorphism f : T > K2(W), thus T < K2(W), 
which proves the greatest lower bound. The same proof applies to k-unraveling, 
except that paths are modeled by alternating sequences (£o, T1, £1,- ., Ti, Zi); 
which include the edge labels. 








Fig. 15. The subset of queries with radius < 1 is not closed under infima. 


Proposition 25. Let k : WSm,alX] > WSm,a|X] be a function such that K(x) 
is a greatest lower bound of x in a given subset K C WSm,a| X]. Then kK"? := 
repon is a kernel operator on WSW a| X], its kernel range is K"? := {rep(W) | 
W € K}, and 


k(W) ~ K”? (rep(W)) (85) 
k(Wı x W2) ~ rep(W1) Agre rep(W2) (86) 
for all W, W1, W2 € WSm,a|X]. 


Proof. Equivalent queries Wı and W2 have the same lower bounds in K, so that 
the greatest lower bounds K(W1) and (W2) must be equivalent, 


Wi > W2 > k(W1) = k(W2) 4 (87) 


So from W œ rep(W) we obtain K(W) ~ K(rep(W)) ~ k"? (rep(W)), which 
shows (85). For x € WSW alX] there exists # € WSm,a|X] with rep(#) = x, and 
considering (85), we have «"°? (x) ~ «(%) € K. This shows that K"? (x) € KT. 
Considering (80), it remains to be shown that 


y SxS y< K(x) (88) 


for all x € WSW alX] and y € K"”. For such a and y, we have # € WSm,a[X] 
and y € K with rep(z) = x and rep(¥) = y. Because «(Z) is a greatest lower 
bound of ž in K, we have J S % & J S «(%), and applying (46) to both sides 


yields (88). This shows that «”°? is a kernel operator with kernel range kK’. 
By (47), we have W, x Wa ~ rep(W,) A rep(W2), whence (87) and (81) provide 
K(W, x W2) > K(rep(W1) A rep(W2)) = rep(W1)^ gre rep(W2), showing (86). 














A pattern structure that generates £4[|X] was stated in Prop. 20. For any 
kernel operator «, we obtain another pattern structure as in Prop. 23, and use 
L'A [X] to denote its concept lattice. Proposition 26 shows that £'\[X] can be 
identified with an /A-sublattice of £a[X]. In this context, we use (-)° as a short- 
hand for (65) and (66) defining £4[X], and (-)* for the corresponding functions 
of £4 [X], as stated generically in (3) and (4). 


Proposition 26. Let (G,(P,A),6) be a pattern structure for La|X], andr a 
kernel operator on P with kernel range K. The function 


sX X 
(A, k) + (A, AY) 
is an infimum-preserving order embedding, and 
LAXI > LY [X 
g: [ | Al z ] (90) 
(A, d) + («(d)*, «(d)) 
is its left inverse, in particular g is surjective. 
Proof. First, we relate the two Galois connections. For all kernels k € K, 
k? = {u € G* | k < K(ô(u))} = {u € G* | k < ô(u)} =k? , (91) 


where in the middle equation, “C” follows from «(ô(u)) < (u), and “D” follows 
directly from (80). Similarly, for all A C G*, we obtain 


K(A®) = «(A {5(u) |u € A}) = Agil) |e AP = A*, (92) 


where the middle equation follows from Lemma 1. 

For (A, k) € £4[X], we have A = k? and obtain, using (91), that f(A, k) = 
(k*, k*°) = (ke, k°°) € La[X], which means that f is well-defined. Similarly, 
for (A,d) € Ly[X], we have d = A? and obtain, using (92), that g(A,d) = 
((K(A°))*, K(A®)) = (A%®, A*) © L4[X], so g is well-defined. Since f identifies 
concepts by their extents, it is an order embedding and preserves infima, which 
are given by set intersection (cf. Prop. 1). Finally, using (92) again we have 
g(f(A,k)) = g(A, A?) = (K(AP)*, K(AP)) = (A**, A?) = (A, k), which means 
that g is a left inverse of f, and thus also surjective. 














6.3 Next Concept Algorithm 


This section describes how the concepts of £4\[{x1}] (for finite A) can be gen- 
erated with a certain variant of Ganter’s “Next Concept” algorithm [14], men- 
tioned in the introductory paper on pattern structures [15, p. 132f.]. The CbO 


algorithm by Kuznetsov [26] provides an explicit formulation. A key feature of 
our variant is that it allows us to compute each new concept intent as a product 
of exactly two previously computed intents, rather than directly from an ob- 
ject or tuple set as per eqn. (4). The significance for conjunctive queries is that 
this prevents concept intents from becoming unnecessarily large, crucial when 
computing homomorphisms. The algorithm in Fig. 16 restates the approach in 
the context of our work. It is explained below, and its equivalence to the “Next 
Concept” algorithm proven in Props. 27 and 28. 


1 function concepts(C,k): 
2 L:=[C] 
3 for i=n,n—1,...,k4+1: 
4 A:=extent(C) 
5 if gi €A: 
6 continue 
7 W :=intent (C) xd(gi) 
8 W :=kernel(W) 
9 W :=minimize(W) 
10 E:=result (W) 
11 if E<==A<i: 
12 L+=concepts((E,W) ,i) 
13 return L 
14 


15 concepts(1,0) 


Fig. 16. Next Concept algorithm (variant). 


The extents of £\[{v1}] are tables with a single column, and for simplicity, 
we identify them with subsets of the carrier set G of A. The Next Concept 
algorithm assumes an (arbitrary) enumeration of objects, i.e. G = {g1,.-., gn} 
with g1,...,9n distinct. Objects are then ordered by their indices, i.e. gı <--- < 
gn. A subset A C G corresponds to an n-bit word, where the i-th bit is set, if 
and only if g; E€ A. For example, if n = 12, the subset {g2, 91, 96, 97; 910; 911; 912} 
corresponds to the 12-bit word 010101100111 in Fig. 17. This establishes a total 
order on (G), called the lectic order on PH(G), where subsets of G are compared 
by their bit representations (read as binary numbers), or formally, A < B : 
min(B \ A) < min(A \ B) for A, B € B(G). 


The Next Concept algorithm computes all concept extents in lectic order, 
starting with the smallest extent. We shall write cl(A) to denote the concept 
extent generated by A C G (which is A* when computing £%[{x1}]). The 
smallest extent in the lectic order is then given as cl(). Note that cl is a closure 
operator, i.e. it is monotone, idempotent and extensive (cf. Section 5.2). For 
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Stack Binary word 


Fig. 17. Stack and binary word 


ACG andi € {1,...,n}, we define 


Ae; = AN {gi,---,gi-1}, (93) 
A@®i:= cA, U {g:}). (94) 


It is shown in [16] that the extent which follows an extent A C G in the lectic 
order is A È i for the largest i such that g; g A and (A Ọ i)<i = Aci. 

The concepts() function in Fig. 16 is given the bottom concept L (line 15), 
computes all successors in lectic order, and returns them in the list L (line 13). 
At any time, the current concept (for which the successor is computed) is the 
last element of L. When a new concept has been created, the value of A @i 
is computed from i = n downwards (line 3), and stored in the variable Æ (line 
10), until the greatest i has been found which satisfies both g; ¢ A (lines 5-6) 
and (A @ i)<i = Ac; (line 11). Once the successor is obtained, it is passed to 
another instance of concepts() (line 12). Note that the for-loop terminates at 
i = k instead of going down to 1. This simply means that, for the purpose of 
computing A@i for i < k, the extent A can be replaced with a calling instance’s 
A (see Prop. 28), so control is returned to the caller. Accordingly, when the 
called instance in line 12 returns, the for-loop continues to compute A @ i for 
decreasing i, in search of the current concept’s successor. 

To prove that the algorithm in Fig. 16 performs the same steps as the Next 
Concept algorithm, we define the canonical generator of an extent A as 


gen(A) := {gi € A | gi ¢ cl(A<i)}- (95) 
Proposition 27 shows that gen(A) is indeed a generator of A. 


Proposition 27. Let A be an extent, then cl(gen(A)) = A. 


Proof. It is clear that gen(cl(A)) C A. Suppose that cl(gen(A)) # A, then 
g; = min(A \ cl(gen(A))) exists, and A<; = (cl(gen(A)))<; because gj is cho- 
sen minimal. From gj ¢ gen(A) follows g; € cl(A<;) using (95), so that g; € 
cl(A<;) = cl((cl(gen(A)))<;) C el(el(gen(A))) = cl(gen(A)), contradiction! 














Proposition 28 provides an inductive definition of the canonical generator over 
the next concept operation (as used by the Next Concept algorithm). 


Proposition 28. 


gen(cl(0)) = 0 (96) 
gen(A © i) = (gen(A)) <i U {gi} (97) 


for all closures A with (A @i)e; = Ac; and gi Z A. 


Proof. From eqn. (95), we obtain gen(cl(0)) = {g; € cØ) | gi Z cl((cl(O)) <i)}, 
where cl(0) C cl((cl(O))<i) © el(cl(M)) = cl(@), which shows eqn. (96). For 
eqn. (97), we show gj € gen(A@i) & gj E (gen(A)) <iU{ gi} for all j € {1,...,n}. 
For j < i, we have 


gj €gen(A Gi) Sg, EADi A gj Ecl((APi)<;) 
= gj CAN gj € cel(A<j) (98) 
= gj E€ gen(A), 


where the second equivalence follows from the assumption (A @ i)<i = Aci. 
It remains to be shown that g; E€ gen(A @ i) and g; ¢ gen(A @ i) for j > i, 
cf. eqn. (97). Suppose that gi ¢ gen(A @ i). Using (95) and the assumption 
(A @it)e; = Aci, we obtain g; € cl((A @ i)<i) = cl(A<i) C A, which contradicts 
the other assumption g; ¢ A, so the supposition is wrong and g; € gen(A @ i). 
Now let j >i. Then Ac; U {gi} C {91,..-,9;-1}, and considering eqn. (94), we 
obtain Ac; U {gi} C (A Gi)c;. Thus AGi = cl(A<i U {gi }) C cl((A @ tes), 
which means by eqn. (95) that gj ¢ gen(A @ 2). 














Figure 17 shows a call stack for the concepts() function. For each instance, 
it shows the values C (only the extent) and k it was called with. For each 
extent on the stack, the indices at the level and below that extent (excluding 0) 
describe a generator for that extent. With respect to Fig. 17, this means cl(9) = 
Ø, cl({g2}) = {92,96}, l({92,94}) = (92,94, 96,910, 912} and cl({g2, 94, 97}) = 
{ 92, 94; 965 97, 910; 911; 912}. When the algorithm starts, the concept extent is cl(Q) 
and the corresponding generator is 0, as in eqn. (96). Whenever a new extent A 
is put on the stack, the algorithm modifies the stack according to the right-hand 
side of (97), and the left-hand side of (97) shows that the computed concept is 
the successor in the lectic order. 


7 Concept Graphs 


In the early 1990’s [37], Rudolf Wille started a program of work he named 
restructuring mathematical logic [35]. Wille’s research focused on the mathema- 
tization of traditional philosophical logic following C.S. Peirce [30] — whose work 
informed early thinking in modern mathematical logic — with G.D. Birkhoff’s 
work on lattice and order theory [6]. 

The Peircean philosophical origin has as its basis the notions of concept, judg- 
ment and conclusion. A judgment, in this context, is a composition of concepts 
akin to a statement. A formalization of concepts was already achieved in Formal 


Concept Analysis, and after some earlier considerations [35], Wille introduced 
concept graphs [36], which derive from J.F. Sowa’s Conceptual Graphs [33] which 
in turn are based on Peirce’s Existential Graphs [30], as a formalization of judg- 
ments. Power context families were introduced by Wille in [36] as a relational 
data model within which concept graphs are defined. In this section, we discuss 
these notions in the context of the results of the previous sections. 


7.1 Power Context Families 


Power context families are introduced by Wille [36] as a representation of rela- 
tional data based on the formal contexts of Formal Concept Analysis. 


Definition 3. A power context family is a sequence (Kx)x>1 of formal contexts 
Kp = (Gk, Mp, Ip) such that Gy C (Gy)* for all k > 2. 


The context Kı in the above definition is called the object context of the power 
context family, and it is thought of as a formal context as in Fig. 1, where objects 
are described by attributes. The other contexts are called relation contexts. The 
objects of Ky, k > 2, are k-tuples of objects in G1, and each attribute expresses 
a k-ary relation on G1. Fig. 19 shows a power context family (Ki, K2) with a 
single relation context (for the binary relations). 

The attributes of a power context family define a relational signature M, 
where the set Mp of k-ary relation symbols coincides with the attribute set of 
Kz, k > 1. We then say that Kisa power context family over the signature 
M. A power context family K over M can be expressed by an M-structure Ag, 
given by 


[Ag] = Gi, (99) 


mAk := m™ (100) 


for all m € My and k > 1, where we write m/* instead of m’ or {m} (cf. (1)) 
to avoid using the same notation for all contexts in the power context family. 
Fig. 18 shows the relational structure Ag for the power context family K in 
Fig. 19; as stated by (100), the k-ary relations are given by the columns of Kx. 
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Fig. 18. Relational struc- 
ture (drawn as tables). Fig. 19. Power context family. Fig. 20. Intension graph. 


Conversely, a power context family is obtained from a relational structure 
by arranging the k-ary relations in columns of Ką. Relational structures and 
power context families thus contain the same information, and we can translate 
back and forth between them. The correspondence is not strictly one-to-one, 
because empty rows in a relation context of K are not reflected in Ag: however, 
no information is associated with such rows. Note that empty rows in the object 
context of K state the existence of an ob ject, and they are reflected in the carrier 
set of Ag. 

In some definitions, a power context family is a sequence (Kx)x>0. Then Ko 
takes the role of the object context in Def. 19, and K, is considered a relation 
context. In this case, the attributes of Kg and K, both correspond to unary 
relations; a possible use is to reserve Ko for sort attributes. 


7.2 Intension Graphs 


We have seen in Figs. 18 and 19 that relational structures are obtained by orga- 
nizing the information in a power context family column-wise. If the information 
is organized row-wise, we obtain a labeled graph (cf. Fig. 20). The rows of the ob- 
ject context correspond to labeled nodes, and the rows of the relation contexts 
correspond to labeled edges. Intension graphs, introduced below, are modeled 
after Wille’s concept graphs, which are based on relational graphs [38, p. 167]. 


Definition 4. An intension graph over a relational signature M is a triple 
(V, E,K), where V is a set of vertices (or nodes), E C Us V* is a set of edges, 
and k is a function defined on VUE with k(v) € 38(M1) and k(e) € B(Mz)\{O} 
for allu € V ande€ E™ := ENV*, k> 2. 


The intension graph (V, E,K) associated with a given power context family 


=> 


K (specified as before) is thus given by 


V := Gi, (101) 
E) := Gy, (102) 
Rings 9i) = (91-3 9i)” (103) 


for all k > 2, i > 1 and (q1,...,9;) € Gi. Note that edge labels must be non- 
empty. The power context family can be reconstructed (except for empty rows 
in relation contexts) by translating labeled nodes and labeled edges into context 
rows. In summary, relational structures, power context families and intension 
graphs are equivalent data representations, and we can easily translate back and 
forth between them. 

Throughout the paper, we have drawn conjunctive queries as graphs, while 
observing that tableau queries are more faithfully represented drawn as tables 
(cf. Section 3.2). By equipping intension graphs with a window, we obtain a 
representation of conjunctive queries that formally reflects the drawings. 


Definition 5. A windowed intension graph is a pair (G,A) consisting of an 
intension graph G and a partial function A : var — |G|. 


A one-to-one correspondence between relational structures and intension graphs 
is easily established, e.g. via power context families (cf. Figs. 18, 19 and 20). A 
database can be modeled by an intension graph D, and a query by a windowed 
intension graph (G,A), and a homomorphism f : G > D is defined according to 
its counterpart for relational structures, i.e. as a function between the node sets 
which preserves edges and labels. The content of the previous sections can thus 
be stated equivalently on the basis of intension graphs, rather than relational 
structures. Details can be found in an earlier paper by Kotters [23]. 

The advantage of considering different formalisms is that they support differ- 
ent ways of thinking about the material, and facilitate different kinds of knowl- 
edge transfer and problem solving. For example, the relational structures formal- 
ism establishes a connection from Formal Concept Analysis to database theory 
and classical logic. The intension graph formalism may be more intuitive to use 
when working with graph theoretical properties. 

We consider one further formalism, where queries are windowed intension 
graphs and data is represented by a power context family; this is useful for a 
comparison with concept graphs in the next section. A solution, as defined below, 
is the analog of a homomorphism of relational structures (or intension graphs) 
in this setting. 


Definition 6. Let G = (V,E,«) be an intension graph and Ka power context 
family over the same relational signature M. A solution of G in K isa function 
f: V — Gi, extended to E by f(vi,... vk) := (f(vr),..-,f(un)), such that 
f(v) € K(v)™ and f(e) € k(e)* for allu E V andec EP, k>2. 


A solution can be considered a kind of homomorphism (between heterogeneous 
structures), so we write f : G —> K to denote that f is a solution of G in K. The 
result of the conjunctive query (G, A) in K is then 


resz(G, A) :={fod| f:G > K}, (104) 


cf. (12). 


7.3 Concept Graphs 


Several variants of concept graphs have been defined. We only consider simple 
concept graphs [38], corresponding to the first definition of concept graphs of 
Wille [36]. A simple concept graph over the power context family K is a 5- 
tuple (V, E,v,«, o) consisting of a set V of vertices, a set E of edges, a function 
v : E + U,s,V* that associates each edge with its (ordered sequence of) 
endpoints, a function « that assigns a concept «(v) € B(K1) to each v € V and 
a concept (e) € B(K,) to e € E™ := {e € E | v(e) € VF}, k > 1, anda 
realization o : V — 3B(G1) \ {0} such that 


olv) C ext(K(v)), (105) 
(v1) X +++ x oluk) C ext(K(e)) (106) 


for all v € V, e € EY), k > 2 and (v1,..., vg) = v(e). We discuss this definition 
in the following, in the context of our work. 

Abstract concept graphs were defined in the first paper on concept graphs [36], 
but not considered thereafter. In that paper, a concept graph without a real- 
ization is considered an abstract concept graph, more specifically an abstract 
concept graph over the power context family K, because its labels are concepts 
of contexts in K. In the above definition, we would thus consider the 4-tuple 
(V, E,v,«) an abstract concept graph over IK. Such abstract concept graphs, 
where labels x(u) are formal concepts, are only a special case of abstract con- 
cept graphs; according to the general definition, a label «(u) must be an element 
of some set C of abstract concepts, but the notion of abstract concept is not 
further defined. 

An intension graph is thus an abstract concept graph without multiple edges, 
where abstract concepts are sets of attributes (cf. Def. 4). Intension graphs with 
multiple edges were defined in Kétters [24], but some care needs to be taken with 
the definition of homomorphisms in the presence of multiple edges. Labeling 
nodes and edges by attribute sets (instead of concepts of a context Kk, k > 
1) makes intension graphs independent of the data, as would be expected for 
modeling queries. 

However, an intension graph G = (V,E,«) over M can be identified with 
an abstract concept graph over K for any given K over M , by identifying node 
labels «(v) and edge labels «(e) with the concepts &(v) := (K(v)", K(v)/41) and 
K(e) := (K(e)’*, (e)/*!*), respectively, for v € V, e € E and k > 2. Then the 
definition of a realization in (105) and (106), applied to &, is equivalent to 


olv) C wv)", (107) 
o(v1) x +++ X oluk) E K(e)™. (108) 


We can thus identify a pair (G, o), where ọ satisfies eqns. (107) and (108), with 
a simple concept graph (without multiple edges). 

Now let us consider the meaning of eqns. (107) and (108). If f:G > K is a 
solution, then e(v) := {f(v)} defines a realization (cf. Def. 6). Conversely, if o is 
a realization, then every function f : V —> Gi with f(v) € o(v) is a solution. In 
short, a function o : V > (G1) \ {0} is a realization if and only if the elements 
of the sets o(v) can be freely combined to obtain solutions. 

The identification of unary concepts with nodes in connected components 
(and of connected components with systems of related concepts) in Section 5.5 
suggests another notion of concept graph. In the current formalism, such a com- 
ponent is represented by an intension graph G, a unary concept corresponds to 
a node v of G, and its extent is the one-column table resz(G, v). The function 


extg(v) := {f(v) | f :G > K} (109) 


describes the extents of all unary concepts in G as subsets of G1, and we call the 
pair (G,extg) a projectional concept graph (previously defined in [24]) if the sets 
extg(v) are non-empty (i.e. if G has a solution in K). 


In general there are many simple concept graphs (G, o) for given G and K, 
but the function extg is uniquely determined. Elements of the sets extg(v) can 
not be freely combined to obtain solutions, but each g € extg(v) can be extended 
to some solution. Necessarily, o(v) C extg(v) for all v € V. 


8 Related Work 


Power context families and concept graphs are introduced in Wille [36]. Con- 
cept graphs are presented as a mathematical formalization of Sowa’s Concep- 
tual Graphs [33] consistent with a Formal Concept Analysis treatment. Different 
kinds of concept graphs are presented in Wille [38] but, to the knowledge of the 
authors, abstract concept graphs are mentioned only in the introductory pa- 
per by Wille [36] and are the only kind of concept graphs defined without a 
realization. 

Windowed structures were introduced as triples (X, v, G) in Kotters [21], and 
the core content of Section 5, together with a family relations example, is pre- 
sented there. A subsequent paper by Kotters and Schmidt [25] addresses the 
connection to logic, deals with sorts, uses “augmented structures” to represent 
values in databases and shows the connection to pattern structures by represent- 
ing extensions as sets of partial interpretations. An adaptation of the conceptual 
model to RDF data is described in Kotters [22]. A navigation application on 
the basis of conjunctive query concepts, and the applicability to databases in 
general, is described in Kötters [24]. 

Pattern structures are introduced in Ganter and Kuznetsov [15], and the use 
of Conceptual Graphs as patterns is also suggested there. The representation 
of conjunctive queries (and thus primitive positive formulas) by graphs, and of 
entailment by graph homomorphism, is credited to Chandra and Merlin [7]. 

Baader and Molitor [5] describe concept lattices where intents are descrip- 
tions in some description logic. Different logics have been considered, and struc- 
tural representations of descriptions using trees and homomorphisms [4] or graphs 
and simulations [2] are used to compute least common subsumers as products. In 
particular, descriptions in the logic ELgfp correspond to conjunctive queries rep- 
resented by rooted trees, as obtained by the unraveling operator in Section 6.2. 
While descriptions may contain cycles, these are interpreted in the sense of un- 
folding/unraveling; the semantics of Description Logic being different from that 
of classical logic. 

Relational Concept Analysis (RCA) allows one to compute concept lattices 
from relational context families, which are similar to power context families but 
distinguish between objects of different sorts. The meaning of concept descrip- 
tions is parameterized by scaling operators; conjunctive queries are obtained if 
the existential scaling operator is used but, as for Descriptions Logics, intents 
correspond to rooted trees. Relational Context Families (RCA) and the construc- 
tion algorithm are described in Huchard et. al [20]. A more detailed comparison 
of RCA with conjunctive query concepts is not presented here but can be found 
in Kotters [23]. 


Liquiere [27] and Kuznetsov [26] describe concept lattices with sets of labeled 
graphs as intents. This approach was used in various pattern mining settings, 
from chemoinformatics to mining UML diagrams. 

Ferré [12] uses projected graph patterns as concept intents. These correspond 
to conjunctive queries, and their extent corresponds to a result table in the 
unnamed perspective (cf. [1, Section 3.2]). The lattice of n-ary concepts, defined 
by Ferré for each arity n > 0, corresponds to the lattice La[{x1,...,an}] of this 
paper (for any n variables x1,...,2n). 

In Chein and Mugnier [8], \-BGs are presented, which are Basic Conceptual 
Graphs with distinguished concepts given by a function A, and these express 
conjunctive queries (our use of A in this paper derives from this treatment). 
Moreover, in Chein and Mugnier [8, Chapter 8], the categorical product is used 
to describe the least generalization of Conceptual Graphs. Rossman [31] also 
describes comparable product and co-product constructions for structural rep- 
resentations of primitive positive formulas in a model theoretic context. 


9 Conclusion 


In this paper concept lattices with conjunctive query intents are presented as 
a special case of Ganter and Kuznetsov’s pattern structures. Kernel operators 
for conjunctive queries were also introduced to reduce the complexity of the 
computation and/or simplify the description of concepts. While patterns are 
originally described by windowed structures, which generalize tableau queries 
to infinite queries, alternative formalisms, based on intension graphs and power 
context families, are introduced to further connect Formal Concept Analysis, 
database theory, model theory, logic (including description logic), Wille’s concept 
graphs, Sowa’s Conceptual Graphs, and by extension potentially to other fields 
of knowledge representation. 
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